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Defination

Let X be an arbitrary set which could consist of
vectors in R", functions, sequences, matrices, etc. We
want to endow this set with a metric; i.e a way to
measure distance between elements of X. A distance or
metric is a function d : X x X — R such that if we take
two elements xi, x, € X the number d(x, x,) gives us
the distance between them.

However, not just any function may be considered
a metric: as we will see in the formal definition, a
distance needs to satisfy certain properties.



Definition of Metric

First we discuss Definition of Metric

Metric:-
Let X be a non-empty set and R be a set of real
Santosh Shivlal numbers.

S Let d : X x X — R be a function, then "d" is called
"metric” onX, if "d" satisfies each of the following four

Mo " conditions:
d(Xl,XQ) >0 Vxy, X € X
d(x;, %) =0<= x1 = x Vxy, % € X

Symmetric Property:

d(Xl,Xz) = d(Xg,Xl) \V/Xl,Xz e X
Triangular Inequality:

d(x1,x3) < d(x1, %) + d(x2, x3) Vxy, X2, x3 € X




Notes and Some Standard Metric

Note: - The non-negative real number d(xi, x;) is called
distance between points x;andx, in the metric " d"
Usual Metric on R:-

Let d : R x R — R be a metric on R given by
Definition of d(x1,x2) = |x1 — x2|. Then "d" is called a usual metric

on R and (R, d) is called usual metric space.
Usual Metric on R?:-

Let d : R?> x R> = R be a metric on R? given by
d[(x1,y1), (x2, y2)] = /(31 — %) + ()1 — y2)2. Then
"d" is called a usual metric on R? and (R?, d) is called
usual metric space.




Notes and Some Standard Metric

Usual Metric on R3:-
Let d : R® x R® — R be a metric on R® given by

d[(X1> i, 21)7 (X27y27 22)] -

Vi —x)?+ (= )2+ (2 — 2)2

Then "d" is called a usual metric on R® and (R3,d) is

called usual metric space.




SEIES

Example 1: Let the function d be defined as
d: R xR —[0,00) for x,y € R such that
d(x,y) = |x — y|. Then show that d is metric for the set
R.
Solution: Here function d : R x R — [0, 00) is defined
as d(x,y) = |x—y|; for x,y € R
(1) Forx,y € R. Letx #y
: x-y #0

x—y[>0

d(x,y) >0 Vx,yeR



(2) For x € R. we have

Ix —x|=0
d(xx)= 0
) Let d(x,y) = |x —y|
== —x)|=ly —x

d(x,y) =d(y,x)..Vx,y € R
) Let x,y,z € R. Now

d(X7y) = |X_.y|

dix,y)=Ix—z+z—y|
dx,y) < |x—z|+|z—y|

d(x,y) < d(x,z) +d(z,y)
By( ).(2).(3) and (4), we get
d is metric for set R.



SEIES

Example 2: Define d : R x R — [0,00) as
d(x,y)=0ifx=y
dx,y)=1ifx#y.
Then show that d is metric for the set R.
Solution: Here function d : R x R — [0, 00) ; for
x,y € R is defined as
dx,y)=0ifx=y
dx,y)=1ifx#y.
(1) For x,y € R. Let x # y; then by definition of

function, we have

d(x,y)=1>0
d(x,y) >0 Vx,y€R



(2) For x € R.By definition we have
d(xx)=0

) Forx,y € R. Let d(x,y) =1
— d(y,x)=1
d(x,y) =d(y,x)..Vx,y € R

) Forx,y,ze R. Letx=y ==z
d(x,y) =0,d(x,z) =0,d(z,y)
d(x,y) =d(x,z) +d(z,y)....(I)
Let x # y # z.Then
d(x,y)=1,d(x,z) =1,d(z,y) =1
d(x,y) < d(x,z)+d(z,y)....(ii)

0



Let x =y y # z.Then
d(x,y) =0,d(x,z) =1,d(z,y) =1

d(x,y) < d(x,z) +d(z,y)....(iii)

By (i),(ii) (iii) we have

d(x,y) < d(x,z)+d(z,y)....(4)

By (1).(2),(3) and (4), we get

d is metric for set R.

Remark: (i) The metric

d(x,y)=0ifx=y

dx,y)=1ifx#y.

on the set R is called discrete metric. It is denoted by
"d".

(i) The metric space (R, d) = Ry is called discrete metric
space.



SEIES

Example 3: Define d: R? x R? — [0, 0) as
d(x,y) = [x1 — x|+ |[y1 — ya|
where x = (x1,y1) and y = (x2, y») are in R
Then show that d is metric for R2.
Solution: Here function d : R?> x R? — [0, 0) as
d(x,y) = |x1 — x| + |y1 — yo
where x = (x1, 1) and y = (x2, y») are in R
(1) For x,y € R?. Let x # y; then (x1,y1) # (x2, y2)
.. either x; # X or y; # y» or both
either |x; — xo| > 0 or |y; — y»| > 0 or both
X1 — Xo| 4+ |y1 — y2| > 0
-d(xy)>0



(2) Let x = (x1, 1) € R%.By definition we have
d(x,x) = |x1 — x|+ |y1 — y1| .-.d(x,x)= 0
) For x = (x1,y1),y = (x2, y2) € R?, we have
d(x,y) = |x1 — x| + [y1 — y2|
d(x,y) = |x2 — x1| + |y2 — w1
~d(xy)=d(y,x)
) For X = (X17}/1),y - (X27Y2),Z - (X3,Y3) € RZ_ We
have;

d(x,y) = [xi — x| + [y1 — »2|

d(x,y) =Ixi = x3+x3 = x|+ |y1 — y3 + y3 — yo

d(x,y) < |x1 — x3| + |x3 = xo| + |[y1 — y3| + |y3 — ya|
d(x,y) < (Ixx — x|+ |y1 — y3l) + (+]xs — x2| + |ys — y2|)
d(x,y) < d(x,z) +d(z,y)

By (1)(2)(3) and (4), we get
d is metric for set R2



SEIES

Example 4: Define d : R? x R? — [0, 00) as
d(X7y) - Max(|x1 - X2|7 |.y1 - .y2|)
where x = (x1, 1) and y = (x2, y») are in R
Then show that d is metric for R2.
Solution: Here function d : R?> x R? — [0, c0) as
d(x,y) = Max(|x — %, [y1 — y2)
where x = (x1, 1) and y = (x2, y») are in R
(1) For x,y € R?. Let x # y; then (xi, 1) # (x2, y2)
.. either x; # X or y; # y» or both
either |x; — xo| > 0 or |y; — y»| > 0 or both
Max(|x — x|, [y1 — y2[) > 0
-d(x,y)>0



(2) Let x = (x1,y1) € R?.By definition we have
d(x,x) = Max(|x1 — x1|, |ya — »1]) = Max(0, 0)
sd(xx)=0

) For x = (x1, 1),y = (x2,y2) € R?, we have

d(x,y) = Max(|xs = %, [y1 = y2l)
d(x,y) = Max(|xz = xal, [y2 = y1)
~d(xy)=d(yx)



(4) For x = (x1,%1),y = (x2,2),2 = (33, y3) € R>. We

have;

d(Xay) = I\/lax(|x1 _X2|7 |y1 _y2|)

Now,

X1 — x| = |x1 —x3+x3 — x2| < |x1 — x3| + [x3 — xo]
Similarly,

i—yol =y —ys+y3—yo| < Iy1 —y3|+ vz — y2
[x1 = xa| < Max(|x1 — xs, |y1 — y3]) + Max(|xs — x|, |ys — y2)
Similarly, [y1 — y2| < Max(|x1 — x3], |y1 — y3|) + Max(|x3 — x2|, lys — y2l)
Max(|x1—x2|, [y1—y2|) < Max(|x1—x3], [y1—y3|)+Max(|x3—x2|, [y3—y2l)
d(x,y) < d(x,z)+d(z,y)

By (1),(2),(3) and (4), we get

d is metric for set R2.



SEIES

Example 5: Define d : R" x R" — [0, 00) as

n

d(x,y) = [Z(Xk - yk)ﬂ "

k=1

where x = (x1, X2, .., X,), and y = (1, Y2, .., ¥a) are in R".
Then show that d is metric for R".
Solution: Here function

n

dxn) = | Sl - "

k=1

where x = (x1, %2, .., %), and y = (y1, ¥», .., ¥a) are in R".



(1) For x,y € R". Let x # y; then
(X1, X2, s Xn) # (Y1, Y25 s Yn)
= Xk # yx for some k
— (xk —y)? >0

— > (e —y)?>0
1/2

— {Zzzl(xk — yk)2] >0
— d(x,y)>0



(2) Let x = (x4, X2, ..., X,) € R".By definition we have
1/2
d(x,x) = {Zzzl(xk — xk)z} for some k
1/2
dlx,x) = | o0 07

Sd(xx)=0
) For x = (x1, X2, .oy Xn), ¥ = (V1, Y25 ---» ¥n) € R", we have

ﬂ&ﬂz{ZL&a—nﬂU2

ﬂ&m—[ZLﬂn—aﬂuz
~d(x,y)=d(y,x)



(4) Let x = (x1, X2, .os Xn), ¥ = (Y1, Y2, .-, Yn)andz =
(z1, 2, ..., 2,) be the points in R"

- 1/2
d(x,y) = | DOk — yk)2]

: 1/2
dx,y) = | ZpoalOx — z) + (26 — yk)]ﬂ

- 1/2
dx,y) = | > i_i(ak + bk)z] where

ax = (% — ze) b = (2 — v
By Minkowiski Inequality we get,
1/2

dxn) < | Siaar| | i "

d(x,y) < d(x,z) +d(z,y)
By (1),(2),(3) and (4), we get d is-metric for set R2.
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