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1. Examples.
2. Definition of Standard matrices.



Problems

Show that d is a metric on Cla, b], where

ey = [ Ix(e) = (et

Show that the discrete metric is a metric.

Sequence space s: set of all sequences of complex
numbers with the metric

o0

oy =S laonl

214G — il



Solution

d(x,y) =0 <= —x(t)-y(t)—=0forallt € [a, b]
because of the continuity. We have d(x,y) > 0 and
d(x,y) = d(y, x) trivially. We can argue the
triangle inequality as follows::

J(x,y):/ab|x(t |dt</ Ix(t) |dt+/ab

]



Solution
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We show only the triangle inequality. Let a,b € R. Then
we have the inequalities
atbl _ lal+ltl _ ldl 16
1+]a+bl ~1+]a|+[b] ~ 1+]a] 1+ ]|

where in the first step we have used the monotonicity of
the function

1
f(x)—1+X—1—1+X,forx>O.



Standard Metrics

(1) Euclidean metric on R": The usual Euclidean
norm gives a metric on R”.

n 1/2
dix,y) =[x =yll = [Z B —)/j|2]

j=t



Standard Metrics

(2) 1P norm on R": There are other norms we can put
Santosh Shivial on R” and hence other metrics. For 1 < p < o0,
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define
n i/p
il = |3 ]
j=1

(The case p = 2 is the usual Euclidean metric.) It is
not hard to show that we get the same collection of
open sets, i.e., the same topology, for all the value
of p. As p — 0o we get:



Standard Metrics

(3) sup norm on R": The function

dx,y) = max |x; — yj

is another metric on R"” that defines the same
topology.



Standard Metrics

(4) IP(N): If we look at infinite sequences instead of
just vectors, things are more interesting. Let /P be
the set of sequences (x,)52; with > 7, [x,|P < co.
For such a sequence we define

1/p
[|(xn) ozl lp = [Z |Xn|p]

Consider the two sets

F={(x)ty € P : %, = 0Vn}
U={(xn)p1 €1°:x,>0Vn}

Is F closed? Is U open?



Standard Metrics

(5) I°°(N): The space is now the set of bounded infinite
sequences. The norm is

1(3n)lalloe = sup |x|
1<n<oo



Notice that some of these have the same convergence
properties. Suppose {xk},-; C R” converges to X in
the p-norm, i.e., [[xx — x|, — 0 as k — oc. Note that

Ix[le < lIx1l, < 7 ix]l -
It follows that for any p and g,
9 xll < Xl < lIxll, < AYP lIxlly, < 0P Ix]l,

so we have that the p and g norms are equivalent. It
follows that a sequence converges in p-norm if and only
if it converges in g-norm. So “convergence” is not just a
norm property, but something more general. The same
can be said for equivalent metric spaces. So what is the
most general object for which convergence makes sense?




	

