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1. Normed Linear Space
2. Definition of Standard matrices.



Definition of Normed Linear Space

Definition

Let V be a vector space over F (with F =R or F = C)
and N : V — R a map such that, writing N(u) = ||ul],
the following results hold.

(i) |lull >0 forallu e V.

(ii) If ||u]] = 0, then u = 0.

(iii) If A € F and u € V, then || Au|| = |Al||u]|.

(iv) [Triangle law.] If u, v € V, then

luf = IvI[ = flu + v

Then we call || || a norm and say that (V, || ||) is a
normed vector space.



Theorem

Any normed vector space can be made into a metric
space in a natural way.

Theorem

If (V.|| ||) is a normed vector space, then the condition
d(u,v) = flu—v]|

defines a metricd on V.



We observe that

d(u,v) = [lu—v|[[ >0
and
d(u,u) = [[0[| = ||00[| = [0[[|0f| = 0l|0]| = 0.

Further, if d(u,v) =0, then |[u—v||=0sou—v=0
and

]



u = v. We also observe that

d(u,v) = [Ju—v| = [[(=1)(v—u)[| = |-1[|[v—ul| = d(v,u)
and

d(u,v) +d(v,w) = [Ju —v|| + [l[v — w||
> [[(u—v)+ (v —w)
= [ju —wl| = d(u,w).

— d is metric on V. v



Theorem

Suppose that a < b and we consider the space C(][a, b])
of continuous functions f : [a, b] — R made into a vector
space in the usual way.

(i) The equation

(Fg) = / F(1)g(t) dt

defines an inner product on C([a, b]). We write

i =( [ ey o)

for the derived norm.
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Theorem

(ii) The equation

Il = [ IF(o]ae

defines a norm on C([a, b]). This norm does not obey
the parallelogram law.
(iii) The equation

[fllc = sup [F(2)].

te[a,b]

defines a norm on C([a, b]). This norm does not obey
the parallelogram law.
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(i) We have

(f,f) = /b f(t)*dt > 0.

If (f,f) =0, then fab f(t)>dt = 0 and, by Lemma,
f(t)> =0 for all t so f(t) =0 for all t and f = 0. If
we take a =0, b =1,

t fo<t<1/4
f(t)=q1/2—t f1/4<t<1)/2
0 if1/2<t<1



b
(F + g, hy = / (£(2) + g(£)h(t) dt
b ab
:/a f(t)h(t) dt+/ g(t)h(t)dt = (f, h) + (g, h)

b
()\f,g>:/ M (t)g(t) dt = A/ AF, g,

so we have an inner product. If we take a =0, b=1,

(+ fO0< t<1/4
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(ii) Observe that

b
Il = [ (0] de > 0

and that, if ||f||; =0, then

[ r@is=o

so, by Lemma, |f(t)| = 0 for all ¢t so f(t) =0 for all ¢
and f = 0. Ifwetakea=0, b=1,

(t ifo<t<1/4
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Proof.
Further

b b
va=/|wamm=w/Nﬂmm:wwm

and, since |f(t) + g(t)| < |f(t)| + |g(t)|, we have

I+l = [ Io)re(@lde < [ 1RO+ de = 1],

so we have a norm. If we take a =0, b =1,

t if0<t<1/4
f(t)=q1/2—t f1/4<t<1)/2



If we take a =0, b=1,

t fo<t<1/4
f(t)=<91/2—t f1/4<t<1/2
0 if1/2<t<1

and g(t) = f(1 — t), then

If+&li+1f—glli = (1/8)*+(1/8)" = 1/32 # 2((1/16)*+(:

so the parallelogram equality fails.

]
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If we take a =0, b=1,

t fo<t<1/4
f(t)=<91/2—t if1/4<t<1/2
0 if1/2<t<1

and g(t) = f(1 — t), then
If+&li+1f—glli = (1/8)*+(1/8)* = 1/32 # 2((1/16)*+(:

so the parallelogram equality fails. (iii) Observe that
|f(t)] >0 so

I £11 0 mrim £~ N



If we take a =0, b=1,
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f(t)=<91/2—t if1/4<t<1/2
0 if1/2<t<1

and g(t) = f(1 — t), then
If+&li+1f—glli = (1/8)*+(1/8)* = 1/32 # 2((1/16)*+(:

so the parallelogram equality fails. If we take a = 0,
b=1,

( . N — +-—1/Nn



	

