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[Metric Space] The pair (X , d), where X is a set and the
function

d : X × X → R

is called a metric space if

1 d(x , y) ≥ 0

2 d(x , y) = 0 ⇐⇒ x = y

3 d(x , y) = d(y , x)

4 d(x , y) ≤ d(x , z) + d(z , y)

[Metric Spaces]

1 d(x , y) = |x − y | in R.

2 d(x , y) = [
∑n

i=1(xi − yi)
2]

1
2 in Rn.

3 d(x , y) = ‖x − y‖ in a normed space.
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4 Let (X , ρ), (Y , σ) be metric spaces and define the
Cartesian product X × Y = {(x , y)|x ∈ X , y ∈ Y }.
Then the product measure
τ((x1, y1), (x2, y2)) = [ρ(x1, x2)2 + σ(y1, y2)2]

1
2 .

5 (Subspace) (Y , d̄) of (X , d) if Y ⊂ X and
d̄ = d|Y×Y .

6 l∞. Let X be the set of all bounded sequences of
complex numbers, i.e., x = (ξi) and |ξi | ≤ cx , i .
Then

d(x , y) = sup
i∈N
|ξi − ηi |

defines a metric on X .

7 X = C [a, b] and

d(x , y) = max
t∈[a,b]

|x(t)− y(t)|.
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8 (Discrete metric)

d(x , y) =

{
1 x = y
0 x 6= y

.

9 lp. x = (ξi) ∈ lp if
∑∞

i=1 |ξi |p <∞, (p ≥ 1, fixed),

d(x , y) =
∞∑
i=1

|ξi − ηi |p
1
p

.

1 Show that d̄ is a metric on C [a, b], where

d̄(x , y) =

∫ b

a

|x(t)− y(t)|dt.

2 Show that the discrete metric is a metric.
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3 Sequence space s: set of all sequences of complex
numbers with the metric

d(x , y) =
∞∑
i=1

1

2i

|ξi − ηi |
1 + |ξi − ηi |

. (1)

Solution.
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1 d̄(x , y) = 0 ⇐⇒—x(t)-y(t)—=0forallt ∈ [a, b]
because of the continuity. We have d̄(x , y) ≥ 0 and
d̄(x , y) = d̄(y , x) trivially. We can argue the
triangle inequality as follows::

d̄(x , y) =

∫ b

a

|x(t)−y(t)|dt ≤
∫ b

a

|x(t)−z(t)|dt+

∫ b

a

|z(t)−y(t)|dt = d̄(x , z)+d̄(z , y).

2 Left as an exercise.

3 We show only the triangle inequality. Let a, b ∈ R .
Then we have the inequalities

|a + b|
1 + |a + b|

≤ |a|+ |b|
1 + |a|+ |b|

≤ |a|
1 + |a|

+
|b|

1 + |b|
,

where in the first step we have used the
monotonicity of the function

f (x) =
x

1 + x
= 1− 1

1 + x
, for x > 0.

Substituting a = ξi − ζi and b = ζi − ηi , where
x = (ξi), y = (ηi), and z = (ζi) we get

|ξi − ηi |
1 + |ξi − ηi |

≤ |ξi − ζi |
1 + |ξi − ζi |

+
|ζi − ηi |

1 + |ζi − ηi |
.

If we multiply both sides by 1
2i

and sum over from
i = 1 to ∞ we get the stated result.
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