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Orthogonality

Let V be an inner product space. Two vectors u,v € V are said to be orthogonal if

(u,v) = 0.
Example For inner product space C[—, 7], the functions sint¢ and cost are orthogonal as
o
(sint,cost) = / sint costdt
-

1 ™
= §sin2t|7”:0—0:0,

Example Let u = [111, as, ..., {Ln]T € R™. The set of all vector of the Euclidean n-space R™ that are

orthogonal to u is a subspace of R™. In fact, it is the solution space of the single linear equation

(u, ) = a1y + agxa + -+ - + ap, = 0.
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Example Let w = [1,2,3,4,5]T, v = [2,3,4,5,6]7, and w = [1,2,3,3,2]7 € R®. The set of all vectors
of R® that are orthogonal to u, v, w is a subspace of R®. In fact, it is the solution space of the linear system

2wy + 3w + 4a3 + dx4 + 625 = 0

Ty + 2w + 3x3 + 4xy + 525 =0
21+ 222 + 3wz + 324 + 225 =0

Let S be a nonempty subset of an inner product space V. We denote by S the set of all vectors of V
that are orthogonal to every vector of S, called the orthogonal complement of S in V. In notation,

§ti= {v eV | (v,u) =0 forallu e 5}4
If S contains only one vector u, we write

ui:{vEVHv,u):O}.
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Orthogonal sets and bases

Let V be an inner product space. A subset S = {ul,ug,,.,,uk} of nonzero vectors of V is called an
orthogonal set if every pair of vectors are orthogonal, i.e.,

(uj,uj) =0, 1<i<j<k.
An orthogonal set S = {ul,ug ..... uk} is called an orthonormal set if we further have
[lus|| =1, 1<i<k.

An orthonormal basis of V is a basis which is also an orthonormal set.
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Theorem (Pythagoras). Let vy,v2,..., v be mutually orthogonal vectors. Then
o1 +v2+ - oll” = Joa|” + vz | + - - + [|ox >
Proof. For simplicity, we assume k = 2. If w and v are orthogonal, i.e., (u,v) = 0, then

flu+ v|? u+v,u+v)

(
(w,u) + (v, )
llal|? + o]
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Example The three vectors

o1 =127, vo=[21,-4", v=[3-21"

are mutually orthogonal. Express the the vector v = [7,1,9]7 as a linear combination of vy, v2,v3.
Set
T1V1 + T2V2 + T3V3 = V.
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There are two ways to find 1, z9, z3.
Method 1: Solving the linear system by performing row operations to its augmented matrix

[v1, 02,05 | 0],

we obtain z; = 3, o = —1, 3 = 2. So v = 3v; — Vo + 2v3.
Method 2: Since v; L v; for i # j, we have

(v,v;) = (T1V1 + D22 + D303, v;) = T3 (vi, V3,

where i = 1,2,3. Then

D) i=1,2,3.
(vi, vi) ’
We then have

o - TH249 18

R O e

by o M+1-36 21

7 dti+16 21
21-2+9 28

T3 = =

9+4+1 14
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Gram-Schmidt process

Let W be a subspace of an inner product space V. Let B = {vl, Vo, ... ,'vk} be a basis of W, not necessarily
orthogonal. An orthogonal basis B’ = {un JWa, ... ‘wk} may be constructed from B as follows:
w, = v, Wi = Span{wl},
wy = vz — Projy, (v2), Wa = Span{wi,ws},
w3 = wg—Projy,(vs), Wi = Span{w;,ws, w3},
w1 = V-1 — Projy,  (vk-1), Wi-1 = Span{wi,...,wr-1},

w = vk — Projy, | (vk).
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More precisely,

w, = v,

wy = vy — (w1, v) wy
(wy,wy)

wy = o lwnvs), (v
(w1, w1) (wa, ws)

- (w1, vx) (wa, vi) (wp—1,vr)

wy = v — w; — wy — - — W1

(wy,wr) (wa, wa) (wg—1,wp—1)

The method of constructing the orthogonal vector wy, wo, . .., wy is known as the Gram-Schmidt proces
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Clearly, the vector wj,ws,...,wy are linear combinations of v,vs,..., vi. Conversely, the vectors
V1, V2, .., , vk are also linear combmatlons of wi,wa, ..., wk:

v = w,
w1, V2

vy = fuwi, >w1 +wy,
(w1, wr)
(w1, v3) (wa, v3)

vy = 2 + w3

(wy,wr) o (w2, w2)

(w1, vy) w (ws, vi)

(wi—1,vx)
(wiwr) ' (ws, w)

-
k (wp—1, wr—-1)

wy+ -+ Wi—1 + Wk

Hence
Span {'ul,vg,“w'uk} = Span{wl,wz,u.,wk}

Since B = {vl,vg,...,vk} is a basis for W, so is the set B’ = {wl,wg,...,wk}.
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Example Let W be the subspace of R* spanned by

1 1 1

v = ! , Vg = vy = 1 .
1| 1|’ 0
1 0 0

Construct an orthogonal basis for W.
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Set wy = v1. Let Wi = Span {w, }. To find a vector wy in W that is orthogonal to W1, set

(w1, v2)
(wi,wy)

4101

Let W = Span {w1,w2}. To find a vector ws in W that is orthogonal to Wa, set

wy = vy —Projy, vy =vy —

w3 = v3— Projy,vs

(w1, v3) w (w2, v3)

(wiwr) ' (ws, w)

= U3 — w2
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(w1, v3)

53— _ (wa, v3)
' (’wl,ﬂh)

(w2, w2)

Then the set {wy, w2, w3} is an orthogonal basis for W.
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We want to convert an arbitrary basis {x1, X2, .., Xp} of Vtoan
orthonormal basis {u1, Uy, ..., Unp}.

Idea: construct uy, Uy, ..., up, successively so that
{uy,uy,..., ui} is an ON basis for span{xy, X2, ..., Xk},
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Construction

u =X

= 70
[l1]]

k = 2: Consider the projection of x, onto uy, i.e.,
<U1 9 X2>U1 .

Then
Vo = X2 — (U1, X2) Uy
and
V2

Up = ——.
[[vall
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In general, consider {uy, ..., ux} as a given ON basis for
span{xXi,...,Xk}.

Use the Fourier expansion to express Xy with respect to
{uy, .., Uggq}:

K1
Xicrt = 3 (Ui, Xpe1) U
i=1
K
= Xierr = 3 (Ui X )U; + (Ukr, Xist) Ukt
i
K
Xicr1 = i (Ui, Xe1) Ui Vi1

> Uk = =
* (Uks1, Xkg1) (Uks1, Xpp1)

This vector, however is not yet normalized.



