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CHARACTERISTIC EQUATION:

The equation |A — AI| = 0 is called the characteristic equation of the matrix A
Note:

1. Solving |A — AI| = 0, we get n roots for 1 and these roots are called characteristic roots
or eigen values or latent values of the matrix A

2. Corresponding to each value of 1, the equation AX = 1X has a non-zero solution vector
X
If X,- be the non-zero vector satisfying AX = 1X, when A = 4,, X, is said to be the latent

vector or eigen vector of a matrix A corresponding to A,
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CHARACTERISTIC POLYNOMIAL:

The determinant |A — AI| when expanded will give a polynomial, which we call as

characteristic polynomial of matrix A
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Working rule to find characteristic equation:
For a 3 x 3 matrix:
Method 1:

The characteristic equation is |4 — AI| = 0
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Method 2 :

Its characteristic equation can be written as 1% — 5,42 + S,1 — S; = 0 where
S1 = sum of the main diagonal elements,

S, = Sum of the minors of the main diagonal elements ,

S3 = DeterminantofA = |A|
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For a 2 x 2 matrix:
Method 1:
The characteristic equation is |4 — AI| = 0

Method 2:

Its characteristic equation can be written as A2 — S;1 + S, = 0 where

S1 = sum of the main diagonal elements, S, = Determinant of A = |A|
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Problems:

1. Find the characteristic equation of the matrix ((1) i)

Solution: LetA= ((1) %) Its characteristic equation is 2> — S;1 + S, = Owhere S; =

sumofthemaindiagonalelements =1+ 2 = 3,

S, = DeterminantofA = |A| =1(2)-2(0)=2

Therefore, the characteristic equation is 1> —31+2 =0
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8 -6 2
2. Find the characteristic equation of (—6 7 —4)
2 -4 3

Solution: Its characteristic equation is A3 — $,4% + 5,4 — S; = 0, where
S1 = sumofthemaindiagonalelements =8 +7 + 3 =18,
S, = Sumoftheminorsofthemaindiagonalelements = |_74 _34| + |£23 ;l + |—86 _76| =5+

20 + 20 = 45, S; = DeterminantofA = |A| = 8(5)+6(-10)+2(10) = 40 -60 + 20 = 0

Therefore, the characteristic equation is 23 — 1842 + 451 = 0
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3. Find the characteristic polynomial of (_31 ;)
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Solution: Let A = (_31 ;)

The characteristic polynomial of A is 12 — S;1 + S, where S; = sumofthemaindiagonalelements
=3+2=5and S, = DeterminantofA = |A| =3(2)-1(-1)=7

Therefore, the characteristic polynomial is 22 — 51 + 7
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CAYLEY-HAMILTON THEOREM:
Statement: Every square matrix satisfies its own characteristic equation
Uses of Cayley-Hamilton theorem:

(1) To calculate the positive integral powers of A
(2) To calculate the inverse of a square matrix A
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Problems:

1. Show that the matrix [; _12] satisfies its own characteristic equation
Solution:Let A = B _12] . The characteristic equation of A is 1> —S;1+5, =0 where
S, = Sum of the main diagonal elements = 1+1=2
S,= |Al =1-(-4) =5
The characteristic equation is A2 — 21 +5 = 0

To prove A2 —24+51=0

wes-fp A A0

4 -3
A2—2A+51=[_f :;f]—[i ‘24]+[3 g]=[8 8=0

Therefore, the given matrix satisfies its own characteristic equation
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2. IfA= [(1) (5)] write A? interms of A and I, using Cayley — Hamilton theorem

Solution:Cayley-Hamilton theorem states that every square matrix satisfies its own
characteristic equation.

The characteristic equation of Ais A2 — S;A + S, = 0 where
S; = Sum of the main diagonal elements = 6

Sz = |A| =5
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Therefore, the characteristic equation is A> —6A +5 = 0
By Cayley-Hamilton theorem, A2 — 6A + 51 = 0

i.e., A2 = 6A —5I
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3. Verify Cayley-Hamilton theorem, find A* and A~! when A= [—21 _21 —21]
Solution: The characteristic equation of Ais 23 — §; A2 + S, — S5 = (}wh;rle ’
S; = Sum of the main diagonal elements =2+2+2=6

S, = Sum of the minirs of the main diagonal elements =3+2+3 =8

S;= Al =24-D+1(—2+D+2(1-2)=23)-1-2=3

Therefore, the characteristic equation is 2> — 612 +81—3 =0



Practical No-5:Characteristic polynomial.

Applications of Cayley Hamilton Theorem.

To prove that: A3 — 642 + 84 — 3] = Q-m-mmmmmmmm=- (1)

2 -1 —6
A2=[—1 2 —1” —1] [ —6]
1 -
7 -6 —28 38
Ad= A*(A)=|-5 6 —6”—1 —1} [ —28]
5 -5 7111 —22 29
— 642 +84 31
29 -28 38 42 —36 54 16 -8 1617 [3 0 0
= [—22 23 —28]—[—30 36 —36 +[—8 16 —8]—[0 3 0]
22 =22 29 30 -30 42 8 -8 161 lo 0 3
000
=[0 0 0]:0
000
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To find A*:
(1) = A3 —6A2+8A—31=0= A3 = 642 — 8A + 3] weeeeemm (2)
Multiply by A on both sides, A* = 643 — 842 + 34 = 6(6A% — 84 + 3I) — 84?2 + 34
Therefore, A* = 36A% — 48A + 18] — 8A% + 34 = 28A% — 45A + 181

7 -6 9 2 -1 2 1 0 0

Hence,A‘*:ZB[—S 6 —6]—45[—1 2 —1]+18[0 1 0]
5 -5 7 1 -1 2 0 0 1
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—140 168 —168 —45 90 -—45

[196 —168 252] [90 —45 90
45 —45 90

18 0 0
+[o 18 0]:
140 -140 196 0 0 18
124 -123 162

[—95 96 —123]

95 —95 124
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To find A~1:
Multiplying (1) by A™1,A2 — 6A+ 81 — 3471 =0

=347 =A% -6A+8I]

7 -6 9 2 -1 2
=347t = [—5 6 —6] -6 [—1 2 -1
- - 2

7 -6 9 -12 —12 8 0 0 0 -3
= [—5 6 —6] - [ 6 - ] 0 8 0] [ 20 ]
5 =5 7 -6 —12 0 0 8 11 3

1 0 0
010
001

+8
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4. Verify that A= [; _21] satisfies its own characteristic equation and hence find A*

Solution:Given A =B _21

Sum of the main diagonal elements = 0

]. The characteristic equation of A is A2 — S;A + S, = 0 where S =

S,=|Al=-1—4=-5
Therefore, the characteristic equationis A2 —0A—5=0i.e.,A?-5=0

To prove: A% — 5] = Q-m-mmmmn- (1)
= 26 21-623 253=0 9

w-a=f; Y-l 9- 9-6 3-8 U-
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el e | R e FR o e
w-si=> A-s[; =1 J-F A=[ o=

From (1), we get, A> =51 = 0 = A% = 5]

Multiplying by A% on both sides, we get, A* = A2(5]) = 54> =5 [g g] = [205 25]
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1 -1 4
3 2 -1
2 1 -1

5. FindA lifA=

, using Cayley-Hamilton theorem
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Solution:The characteristic equation of A is 23 — §; 42 + 5,4 — S; = 0 where
S1 = Sum of the main diagonal elements =1+2—-1=2

S, = Sum of the minors of the main diagonal elements = (—2+ 1)+ (-1 -8)+ (2+3)
=-1-9+5=-5

Ss=1Al=1(=2+ 1) +1(-3+2)+4B-4)=-1-1-4=-6
The characteristic equation of Ais 23 — 242 =51+ 6 =0

By Cayley- Hamilton theorem, A3 — 242 — 54 + 61 = 0 ==--=-=-=m-- 1)
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To find A1

Multiplying (1) by A7, we get, A2 =24 —5A7'A+6A 1 =0=> A? =24 -5+ 6471 =0

647 = —A?+24+51=> A1 = %(—AZ + 24 + 51) - (2)
1 -1 471 -1 4 1-348 —-1-2+4 4+1-4 6 1 1
A*=[3 2 -1[|3 2 -1|=|3+6-2 -3+4-1 12-2+1 0 11
2 1 —1ll2 1 -1 243-2 —-242-1 8-1+1 3 -1 8
-6 -1 -1 2 -2 8 5 0
—A2+2A+SI=I—7 0 -11|+|6 4 =2|+|0 5 ] [ —13]
-3 1 -8 4 2 =21 lo o
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6. IfA= [(1) é] ,find A™ in terms of A

Solution:The characteristic equation of A is A2 — S;1+ S, = 0 where
S1 = Sum of the main diagonal elements =1+2 =13

S,=]Al=2-0=2

3+/(=32—4()(2) _ 341 _

2(1) 2 21

The characteristic equation of Ais 2> =31 +2=0ie,1=
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To find A™:
When A" is divided by 2% — 31 + 2, let the quotient be Q(4) and the remainder be al + b
A= (2% =32+ 2)Q(A) + aA + b ~—-wmmnmmv (1)

Wheni=1,1"=a+b When1=2,2"=2a+b

2a+b= 2" oo (2)
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a+b=1" e (3)

Solving (2) and (3), we get, (2) - ()= a =2"-1"

2)-2x@B)=b=-2"+2(1)"
ie,a=2"-1"
b=21)"-2"
Since A% — 34 + 21 = 0 by Cayley-Hamilton theorem, (1) = A™ = aA + bl

0

w=amf} o[} !
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7. Use Cayley-Hamilton theorem for the matrix A = [; ;] to express as a linear
polynomial in A (i) A% — 44* — 743 + 114% — A — 101 (i) A* — 443 —54%2 + A+ 21

Solution: Given A = B ;] The characteristic equation of A is A2 — S;1+ S, = 0 where
S, = Sum of the main diagonal elements =1+ 3 =4

S,=|4|=3-8=-5

The characteristic equation is 12 —41—5 =0

By Cayley-Hamilton theorem, we get, A2 — 44 — 5] = 0 -—-——mmmmmm- 1)
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(=)= 223 + 822 + 102

A—-22+3

N2 — 42— 515 —42* - 723 + 1142 =1 - 10

A5 —4pt =523

-2+ 1122 -2

31 =1I1-10

(=) 34> —124-15

A+5
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A5 —4A* — 7A3 + 11A2—A— 101 = (A2 —4A —SD)(A3 —2A+ 3D +A+51=0+A+5I

= A+ 51 (by (1)) which is a linear polynomial in A
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22

A2 —42—52* -4 522+ A +2

At —42% — 522
(-) A+2

A* — 473 —5A? + A+ 21=A%(A2 —4A-5D) +A+2[=0+A+21=A+2l (by(1)) whichisa
linear polynomial in A
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1 0 3
8. Using Cayley-Hamilton theorem, find A~! when A = [2 1 —1]
1 -1 1

Solution:The characteristic equation of A is 2* — §;42 + S,1 — S; = 0 where

S1 = Sum of the main diagonal elements =14+1+1=3

S, = Sum of the minors of the main diagonal elements = (1-1)+(1-3)+(1-0)
=0-2+1=-1

Sy=]Al=1(1-1)+ 02+ 1) +3(-2-1) =1(0) +0—9 = —9
The characteristic equation is A*> =312 =1+ 9 =0

By Cayley-Hamilton theorem, A3 —34%2 — A+ 91 =0
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Pre-multiplying by A=, we get, A2 =34 — 1+ 9471 = 0= 471 = %(—A2 +34+1)

10 371 0 3 1+0+3 0+0-3 3+0+3] [4 -3 6
=2 1 -1f|2 1 -1|=|2+42-1 0+1+1 6-1-1 =[3 2 4]
1 -1 1l -1 1 1-2+1 0-1-1 3+1+1 lo -2 5
-4 3 -6 3.0 9 100
—A2=[—3 -2 -4f;34=|6 3 —3];1:[0 1 o]
0 2 -5 3 -3 3 00 1
/-4 3 —6] [3 0 91 [L 0 O]\ 1[0 3 3
at=5(|3 =2 —af+|6 3 -3[+[0 1 of)=53 2 -7
0o 2 -s51 13 -3 3] loo1 3 -1 -1
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9. Verify Cayley-Hamilton theorem for the matrix 4 = [
12 1

13 7
Solution: Given A = [4 2 3]
121

The Characteristic equation of A is A3 — ;42 + 5,4 — S; = 0 where
S; = Sum of the main diagonal elements = 1+2+1 = 4

S, = Sum of the minors of the main diagonal elements = (2—-6) + (1 —-7) + (2 - 12)
= —4—-6-10=-20
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S3=Al=12-6)-3(4-3)+7(8-2)=-4-3+42=35
The characteristic equation is A3 — 442 — 201 — 35 =0

To prove that: 43 — 44% —204—351=0

13 7111 3 7 1+12+7 3+4+6+14 7+9+7 20 23 23
A?=|4 2 3]4 2 3[=|[4+8+3 12+4+6 28+6+3 =[15 22 37]
12 111 2 1 1+8+1 3+4+2 7+6+1 10 9 14
20 23 23|11 3 7 20+92+23 60+46+46 140+69+23
A*=A?A=(15 22 37||4 2 3|=(15+88+37 45+44+74 105+ 66+ 37
10 9 14111 2 1 10+36+14 30+18+28 70+27+14
135 152 232
=[140 163 208
60 76 111
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135 152 232 20 23 23 137 100
A3 — 4A% — 20A - 351 = [140 163 208] [15 22 37] 20 [4 2 3] -35 [0 1 0]
60 76 111 10 9 14 2 1 0 01

135 152 232 80 92 92 20 60 140 35 0 0
= [140 163 208] [60 88 148] [80 40 60 ] - [ 0 35 0 ]
60 76 111 40 36 56 20 40 20 0 0 35

0
=[0 0 0} 0
0 0 0

Therefore, Cayley-Hamilton theorem is verified.
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10. Verify Cayley-Hamilton theorem for the matrix (i) A = [_31 _51] (iDA = [; ‘;

Solution:() Given A= 3 |

-1 5

The characteristic equation of A is 22 — S;1 + S, = 0 where
Sy = Sum of the main diagonal elements =3 +5 =8

S, =1Al=15-1=14

The characteristic equation is A2 — 81 + 14 = 0

To prove that: A2 — 84 + 141 =0

=3 02 F1=15 DaEl= 0 o
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8A:8[3 —1]:[_4 -8

-1 5 8 40

141 = 14 [(1) g] = [104 104
A —8A+ 14l = [1?3 ;g] - E?s Zg] + [104 104] = [g g] =0

Hence Cayley-Hamilton theorem is verified.
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1 4

(i) Given A = [2 3

The characteristic equation of A is 12 — S;1 + S, = 0 where
S; = Sum of the main diagonal elements =1+3 =4
S;=|A|=3-8=-5

The characteristic equation is 12 — 41— 5 = 0

To prove that: 42 —44—-51=0

eol 4B 9-BE R

2+6 8+917 18 17
s=afy )= azksr=sly A=0 o

wrusi=fp 37l 26 sl=b o=

Hence Cayley-Hamilton theorem is verified.



