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Practical No-8: Diagonalisation of matrix,
application to quadratic form.

ORTHOGONAL TRANSFORMATION OF A SYMMETRIC MATRIX TODIAGONAL FORM:
Orthogonal matrices:
A square matrix A (with real elements) is said to be orthogonal if AA” = ATA=1or AT = A7

Problems:
cos® sin6 0
1. Check whether the matrix B is orthogonal. Justify. B = |-sin8 cos@ 0
0 0 1
Solution: Condition for orthogonality is AAT = ATA =1
To prove that: BBT = BTB =1

—sinf cos@ 0 sin@ cos@® 0
0 0 1 0 0 1

cosf sin@ 0 cos@ —sinf 0
B= ;BT =



Practical No-8: Diagonalisation of matrix,
application to quadratic form.

cos@ sin@ O][cosf —sinf 0
BBT = |—sin@ cos@ Of[sing cos6 0

0 0 1 0 0 1
cos20 + sin?6 —sinfcos6 + sinfcosd 0 100
= [751‘1:90059 +sinfcos@+0  sin?0 +cos?0+ 0 0] = IO 1 0]
0 0 1 001

Similarly,
cos@ —sin@ O][cosf® sinB 0
BB =|sin@ cos@ Of|-sin6 cos6 0|=

0 0 1 0 0 1
cos?8 + sin*6 sinfcos® —sin@ cos 0 100
[sin @cosh —sinfcosf  sin®6 + cos?6+0 0] = [0 1 0]
0 0 1 0 0 1

Therefore, B is an orthogonal matrix



Practical No-8: Diagonalisation of matrix,

application to quadratic form.

cosBO siné

2. Show that the matrix P=[ 0> *" %

] is orthogonal

Solution:To prove that: PPT = PTP = |

P=[cose sin 01]. T=[c059 —sine]
—sin® cos 61 sin@ cosO

ppT = [ 0520 + sin?@ —sinfcos 6 +sinfcos @] _ [1 0]=|
—siné cos 6 + sin 8 cos 6 sin®@ + cos?8 0 1
P T, _ [0SO —sinB)[cos® sin6
Stmilarly, PP = [sin 6 cos6 ] —sin® cos 9]
_ [ cos?6 + sin®6 sinecosgfsinecosq _ [1 0 —i
sinf cos 8 — sin @ cos 8 s5in%0 + cos?0 0 1

Therefore, P is an orthogonal matrix



Practical No-8: Diagonalisation of matrix,

application to quadratic form.

WORKING RULE FOR DIAGONALIZATION
[ORTHOGONAL TRANSFORMATION]:
Step 1: To find the characteristic equation
Step 2: To solve the characteristic equation
Step 3:To find the eigen vectors.

Step 4: If the eigen vectors are orthogonal, then form a normalized matrix N
Step 5: Find N7

Step 6: Calculate AN

Step 7: Calculate D = NTAN



Practical No-8: Diagonalisation of matrix,

application to quadratic form.

Problems:

3 -1 1
1. Diagonalize the matrix [71 5 —1]
1 -1 3

3 -1 1
Solution: Let A= [71 5 —l]
1 -1 3

The characteristic equation is 1> — ;4% + S,4 — S5 = 0 where
S; = Sum of the main diagonal elements =3+ 5+3 =11

S, = Sum of the minors of the main diagonalelements = (15—-1) + (9 —1) + (15 —-1)
=14+8+14 =36

S3=1Al=315-D+1(-3+D+1(1-5=3(14)-2-4=42-6=36

Therefore, the characteristic equation is 4* — 1142 + 364 —36 = 0
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A=212-92+18=0>A=21= 9+/(-92-4(1)(18) _ 91\1321-72‘_ gzﬁ -

2(1)

63

Hence, the eigen values of A are 2, 3, 6
To find the eigen vectors:

(A-ADX =0

3-1 -1 1 X1 0
EEEE
1 - 3—-Allxs 0.

1 -1 17 0
Case 1: When 1 =2, l—l 3 —1] [le = [0]
1 -1 1llxs 0.

1)

X; =Xz + X3 =0 -mmmmmmeem (
—x; +3x; —x3 =0 e %)
X1 =X+ X3 =0 -mmr 3)

Solving (1) and (2) by rule of cross-multiplication,
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X1X2X3

1 1 1
SX.1X_1><3
X1 _ Xy _ X3 :)(l_xz__-,c3 xl_xz_xg
1-37-1+1 " 3-1 =20 2 -1 0 1
-1
X, = 0]
1
0 -1 17 0
Case2:WhenA=3,l,1 2 ,1”12]=H
1 -1 0llx 0.
0x3 — Xy + X3 =0 ====mmmmem 1)
—x; + 2%, —x3 =0 - #)
x;—x; +0x3 =0 v 3)

Solving (1) and (2) by rule of cross-multiplication,
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-1 1 0 -1
L K KX,
X1 Xy X3 X1 Xz X3 Xp X; X3

= = = —=
1-2 -1-0 0-1 -1 -1 -1 1 1 1
1
1
1

-3
Case 3: When 1 =6, [— -1 —1] [ ] [0]
1 -1 -3 0

=3x; =X +x3 =0 --mememmm-

X, =

—X1 — X3 — X3 = 0 ==-=---- (2)
X1 —X2—3x3=0 -——--—--(3)

Solving (1) and (2) by rule of cross-multiplication,
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OO

X1 X X3 =x1_xz_x3 =>xl_xz_xg
1+1 -1-3 3-1_2 -4 2 1 =271
1
X;=|-2
1

1
XIX,=[-1 0 1]H=—1+0+1=0
1

1
XTXs=[1 1 1][—2]:1—2+1=0
1

-1
XIx =01 -2 1][0]:—1+0+1=0
1
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Hence, the eigen vectors are orthogonal to each other
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The diagonal elements are the eigen values of A
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application to quadratic form.

8 -6 2
2. Diagonalize the matrix [—6 7 —4}
2 -4 3
8 -6 2
Solution: LetA=[—6 7 74]
2 -4 3

The characteristic equation is A° — ;4% + 5,4 — S3 = 0 where
S; = Sum of the main diagonal elements =8 +7 + 3 = 18

S, = Sum of the minors of the main diagonalelements = (21 — 16) + (24 — 4) + (56 — 36)
=5+20+20=45

S; = |Al = 8(21 — 16) + 6(—18 + 8) + 2(24 — 14) = 8(5) — 60 + 20 = 0

Therefore, the characteristic equation is 23 — 1842 + 452 — 0 =0 i.e, 2* — 1812 + 451 =0

18 +./(—18)% — 4(1)(45 18++/324-180 18+12
=142 -181+45)=0=>1=0,1= 8+( 321) A )= 8’\/2 = 8;

=15,3

Hence, the eigen values of A are 0, 3, 15
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To find the eigen vectors:

A-ADX =0

8- A 76 0
—4 3-1 0
8 -6 21

Case1:When/1=0,[76 7 —4||*2
2 —4 31l

B

8x; — 6xp + 2x3 = 0 =-—-m-mn - (1)
—6x; + 7x; — 4x3 = 0 - )
2X; — 4x3 + 3x3 = 0 =ememeeem 3)

Solving (1) and (2) by rule of cross-multiplication,
X1 Xz X3

-6 2 8 -6

KXo X,
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X1

X2

X, =

1
2
2

5 -6 2™ 0
Case 2: When 1 =3, [76 4 74] [Xz] = [0]

2 —4 0llxs 0
5x; — 6xp +2x3 = 0 v 1)
—6x1 + 4x3 — 4x3 = 0 - )
2x;y — 4%y + 0xg = 0 =mememms --(3)

Solving (1) and (2) by rule of cross-multiplication,
X1 X2 X3

-6 2 5 -6

4><‘ —4><-6><4
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X2

X2

X X2 _ X3 Jf1 X3 :ﬂ X2 _ X3
24-8 —12+20 20-36 16 8 —16 2 1 -2

o

7 —6 0
Case3:WhenA=15[ 6 -8 4” ]=H

—4 12
=7x;, = 6x; + 2X3 = 0 v 1)
—6x; —8x; — 4x3 = 0 - 2)
2x) —4xy — 12x3 = 0 - (3)

Solving (1) and (2) by rule of cross-multiplication,
Xy X2 X3
-6 2 -7 -6
X Ko
X1 Xz X3 Xy X X3 X1 Xz X3

24+16 —12-28 56-36 40 —40 20 2 -2z 1
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o

2
XX, =[1 2 2][1}=2+274=0
-2

2
XX, =2 1 -2 [72} =422=0
1

1
XX =[2 -2 1][zl=zf4+z=0
2

Hence, the eigen vectors are orthogonal to each other

12 2

o1 Bt 22
The Normalized matrix N = 3 03 3|32 1 -2

2 -2

1 2 2
3 3 3

v=|2 1 2 —lF i 22}
e
33 3
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Kl oWl

AN =

8 -6 2 11 2 2 N 8 -6 2111 2 2

[76 7 74];[2 1 72]25 -6 7 74} [2 1 72]2

2 -4 3 2 -2 1 2 -4 3112 -2 1

,[8-12+4 16-6-4 16+12+2 L0 6 30 0 2 10

7|-6+14-8 -12+748 —12—14—4]=5[0 3 —30]=[0 1 —10}
2-8+6 4—-4-6 4+8+3 0 -6 15 0 -2 5

0+0+0 2+2—-4 10-20+10

it 2 29[0 2 10] 4
NTAN=§[2 1 72”0 1 40]:5 0+0+0 4+1+4 20-10-10
2 -2 1llo -2 5 0+0+0 4-2-2 2042045
1[0 0 0} [0 0 ol
==z0 9 o|=0 3 0
00 45 lo o 15
00 0
ie,D=NTAN={0 3 0]
0 0 15

The diagonal elements are the eigen values of A
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QUADRATIC FORM- REDUCTION OF QUADRATIC FORM TO CANONICAL FORM BY
ORTHOGONAL TRANSFORMATION:

Quadratic form:

A homogeneous polynomial of second degree in any number of variables is called a quadratic
form

Example: 2x? + 3x% — x2 + 4x,x; + 5x;x3 — 6x,x3 is a quadratic form in three variables
Note:

The matrix corresponding to the quadratic form is
coeff.of x? %caeff.ofxlxz %coeff.ofxlxg
icueff.ufxle coeff.of x2 %coeff.ofxzxz;

écoeff.ofxsxl %caeff. of x3x,  coeff.of x3
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Problems:

1. Write the matrix of the quadratic form 2x% — 2x2 + 4x2 + 2x,x, — 6X,X5 + 6x,X3

coeff.of x? %Eaeff. of x1x; %meff.of X1X3
Solution:Q = %coeff. of x;x;  coeff.of x% %coeff.of XyX3

%cueff.ufxgxl %cueff. of X3xz coeff.of x?

Here x;x1 = X1X2 ; X3X1 = X1X3 ; X2X3 = X3X3
2 1 -3

Q=11 -2 3
-3 3 4

2. Write the matrix of the quadratic form 2x? + 822 + 4xy + 10xz — 2yz

coeff.of x> %coeff.ofxy %caeff.afxz 2 2 s
Solution: Q = %coeff.ofyx coeff.of y* %coeff.ofyz = [2 0 71]

%weff.ofzx %cueff.ofzy coeff.of z* 5 -1 8
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3. Write down the quadratic form corresponding to the following symmetric matrix
0 -1 2
[—1 1 4]
2 4 3

11 Q12 Qg3 0 -1 2
Solution:Let (@21 G2z a23|= |-1 1

4

Q31 Q32 033 2 4 3

The required quadratic form is.

33 %% + QppX3 + Azaxd + 2(a12)x1 %z + 2(023)X0%s + 2(A13) %1 %3

= 0x? + x3 + 3x% — 2%, + 4%, x5 + 82,05
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NATURE OF THE QUADRATIC FORM:

Rank of the quadratic form:The number of square terms in the canonical form is the rank (r) of
the quadratic form

Index of the quadratic form: The number of positive square terms in the canonical form is
called the index (s) of the quadratic form

Signature of the quadratic form:The difference between the number of positive and negative
square terms = s — (r-s) = 2s-r, is called the signature of the quadratic form

The quadratic form is said to be

(1) Positive definite if all the eigen values are positive numbers

(2) Negative definite if all the eigen values are negative numbers

(3) Positive Semi-definite if all the eigen values are greater than or equal to zero and at
least one eigen value is zero

(4) Negative Semi-definite if all the eigen values are less than or equal to zero and at least
one eigen value is zero

(5) Indefinite if A has both positive and negative eigen values



