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Find general solution of Langrange's equation




General Solution of Langrange's Equation

Langrange's Auxiliary Equation

P(x,y,z) p+ Q(xv.z) g = R(xyz)

where P, Q and R are continuously differentiable
functions on the domain D C R® is ¢(u, v) = 0 where ¢
is an arbitrary function and

u(x,y,z) = ci and v(x,y,2) =

are two independent solutions of

& _dy _ dz
P~ Q@ R

This equation is known as Langrange's Auxiliary Equation




General Solution of Langrange's Equation

Problem 1:

Solve the PDE of yi—z p+xz qg=y?

It is of the form
Pp+Qq=R
Langrange’'s Auxiliary Equation’s are
x dy dz
" Q R

dy dz
2= e P (1)

Jye oI®



General Solution of Langrange's Equation

Solution of Problem 1 Continue...

Taking the first two fractions from (1)

dx  dy
Yz xz
x2dx = y?dy

Integrating we get, x> = y3 4+ ¢

3—yi=q (2)



General Solution of Langrange's Equation

Solution of Problem 1 Continue...

Taking the first and last fractions from (1)

dx B dz
£y
xdx = zdz

Integrating we get, x> = z2 + ¢

xX*—Z2=0c (3)



General Solution of Langrange's Equation

Solution of Problem 1 Continue...

From equations (2) and (3), the required general solution
is

¢(X3 _ y3 i X2 _ 22)

where ¢ is arbitrary function.



General Solution of Langrange's Equation

Problem 2:

Solve the PDE of p+3 g =5z + tan(y — 3x)

It is of the form

Pp+Q@qg=R
Langrange's Auxiliary Equation’s are
x dy dz
P Q@ R

dx dy dz

1~ 3 5z+tan(y —3x) (4)



General Solution of Langrange's Equation

Solution of Problem 2 Continue...

Taking the first two fractions from (4)

de _ dy
1 3
3dx = ydy

Integrating we get, 3x =y + ¢

3x-y=o¢ (5)



General Solution of Langrange's Equation

Solution of Problem 2 Continue...

Taking the first and last fractions from (4)
dx dz

1 5z tan(y — 3x)
dz

T bz tan(cy)

dx = ———— ... From equation (5)

In(5z + tan ¢)
5

Integrating we get, x =

5x —In(5z + tan ) = & (6)



General Solution of Langrange's Equation

Solution of Problem 2 Continue...

From equations (5) and (6), the required general solution
is
®(3x -y ,5x —In[5z + tan(3x — y)])

where ¢ is arbitary function.



General Solution of Langrange's Equation

Problem 3:

b—c c—a a—b

Solve the PDE of yz p+ zx 9= Xy
c

It is of the form
Pp+Qq=R
Langrange's Auxiliary Equation’s are

dx dy dz

P Q R

vz(b—c)  xz(c—a) xy(a—b) (7)




General Solution of Langrange's Equation

Solution of Problem 3 Continue...

Choosing x, y, z as multipliers, each fraction equals
axadx bydy czdz

:xyz(b —c) xyz(c—a) xy(a—b)

_ axdx + bydy + czdz
“xyz(b—c+c—a+a—b)
2 py? 2

Integrati t, — + — + — =
ntegrating we ge 5 T 5 = 5 (&)

—> axdx+bydy+czdz=0

ax® + by’ + cz? = ¢ (8)



General Solution of Langrange's Equation

Solution of Problem 3 Continue...

Choosing ax, by, cz as multipliers, each fraction equals
a’xdx b?ydy c?zdz

€ ~xyz(b—c)  xyz(c—a) xy(a—b)
_ a’xdx + b2ydy + c?zdz
~ xyz(ab — ac + bc — ba+ ca — cb)
= a’xdx + b?ydy + c?zdz = 0
22 By? 222

Integrati t, =
ntegrating we ge 5 T 5 I 5 (e}




General Solution of Langrange's Equation

Solution of Problem 3 Continue...

a2+ bPy? + 2?22 = (9)

From equations (8) and (9), the required general solution
is
S(ax? + by? + cz? | a®°x® + b?y? + c?2?)

where ¢ is arbitary function.



General Solution of Langrange's Equation

Problem 4:

Solve the PDE of (y +2z) p+(z+x) g=x+y

It is of the form
Pp+Q@qg=R
Langrange's Auxiliary Equation’s are

dx dy dz

P Q R

d d d.
-~ - 2 _ = (10)
y+z X+z X+y




General Solution of Langrange's Equation

Solution of Problem 4 Continue...

Choosing 1, —1,0 as multipliers, each fraction equals
_dx—dy = dx—y)

y =X X—=Yy
Choosing 0,1, —1 as multipliers, each fraction equals
_dy—dz  d(y-2)

z—y y—z
Choosing 1,1,1 as multipliers, each fraction equals
dx +dy + dz

:y+z+z+x+x+y
_dx+dy+dz

C 2lx+y+2)




General Solution of Langrange's Equation

Solution of Problem 4 Continue...

Taking above three ratios,
dix—y) dly—z) dx+dy+dz

X—y y—z 2lx+y+z)
taking the first two fraction
Cdx—y)_ dly—2)

X—y  y—z
Integrating we get,

Ihx—y=Ihy—z+Ing

Xy
y—z

= (1].)



General Solution of Langrange's Equation

Solution of Problem 4 Continue...

Taking First and Third ratios,
_d(x—y) dx+dy+dz

x—y 2x+y+2)
Integrating we get,
2Inx—y=In(x+y+2z)+Inc
In(x—y)2+In(x+y+z)=—Ing
In(x —y)*(x+y+z)=Ing




General Solution of Langrange's Equation

Solution of Problem 4 Continue...

(x+y+2)(xy)* = o (12)

From equations (11) and (12), the required general
solution is

“—L (x+y+2)x—y))

y_

(

where ¢ is arbitary function.



Problem b5:

Solve the PDE of (x +2z) p+ (4xz —y) g =2x*>+y

It is of the form

Pp+Qqg=R
Langrange's Auxiliary Equation’s are
dx dy dz
P Q@ R
dx dy dz

(x+22)  (dxz—y) (2x2+y) (13)



General Solution of Langrange's Equation

Solution of Problem 5 Continue...

Choosing —2x,1,1 as multipliers, each fraction equals
—2xdx 4 dy + dz

22 —Axz+Axz—y+2x2+y
.. =2xdx+dy+dz=0
Integrating we get,

—2x?
2

+y+z=qc

Xtyt+z=q (14)



General Solution of Langrange's Equation

Solution of Problem 5 Continue...

Choosing y, x, —2z as multipliers, each fraction equals
ydx + xdy — 2zdz

:xy +2yz +4x%z — xy — 4x%z — 2yz
.7, ydx+xdy-2zdz=0
*. d(xy)-2zdz=0
2

Integrating we get, xy + 5

= C2
xy-z° = ¢ (15)

From equations (14) and (15), the required general solution is

O(-x*+y+z,xy—2°)

where ¢ is arbitary function.



General Solution of Langrange's Equation

Problem 6:

Solve the PDE of (y — zx) p+ (x + yz) ¢ = x* + y?

It is of the form
Pp+Qq=R
Langrange's Auxiliary Equation’s are

dx dy dz

P Q R

dx dy dz
(y—2x) (x+yz)  (®+y?)

(16)



General Solution of Langrange's Equation

Solution of Problem 6 Continue...

Choosing y, x, —1 as multipliers, each fraction equals
ydx + xdy — dz

:y2 — xyz + x2 + xyz — x? — y?
.. ydx+xdy-dz=0.". d(xy)-dz=0/Integratingweget,
SoXY -Z=C;

Xy - z= ¢ (17)



General Solution of Langrange's Equation

Solution of Problem 6 Continue...

Choosing x, —y, z as multipliers, each fraction equals
xdx — ydy + zdz

:xy — X2z —xy — y2z + X%z + y?z
.o xdx - ydy + zdz=0
2

2 2
Integrating we get, — — L + clys o))
"2 2 2
XX -y’ +22=0¢ (18)

From equations (17) and (18), the required general solution is

b(xy - zx2 — y? + 7?)

where ¢ is arbitary function.



General Solution of Langrange's Equation

Problem 7:

Solve the PDE of x> §Z + y? 2 = (x + y)z

Letg—izpand%zq
It is of the form
Pp+Q@qg=R
Langrange's Auxiliary Equation’s are
dx dy dz

P Q@ R

NG/
X2y (x+y)z

(19)



General Solution of Langrange's Equation

Solution of Problem 7 Continue...

Consider first two ratio of equation (19)
dx dy

x2 y2

cox2dx = y~2dy

Integrating we get,
x 1y B

. —=—0+c¢
-1 1

1 1

.o — — =

y X

X—y
Xy

=C (20)



General Solution of Langrange's Equation

Solution of Problem 7 Continue...

.11 1 . .
Choosing —, —, —— as multipliers, each fraction equals
X

1 1 1
—dx 4+ —dy — —dz
X y z

1 1 1
— —dx+ —dy——-dz=0
X y z

Xt+ty—Xx—y )
Integrating we get,
Xy
“Inx+Iny—Inz=Ihgg = .. In—=Ing
z
Xy
— =0 (21)
z
From equations (20) and (21), the required general solution is
X=y Xy
o =)

XV Z



General Solution of Langrange's Equation

Problem 8:

Find the general solution / complete integral of PDE
2

zZ(x p—y q)=y>—x

Given xz p— yz g = y? — x>
It is of the foom P p+Q g=R
Langrange's Auxiliary Equation’s are

de_dy_dz
P Q@ R
b dy __d

Xz —yz  y?—x2 (22)



General Solution of Langrange's Equation

Solution of Problem 8 Continue...

Consider first two ratio of equation (22)

dx dy
Xz  —yz

d _dy

X -y
Integrating we get,
Sdnx=—=Iny+Ing
Sodnx+Iny =Ing

Inxy =Inc
Taking antilog, we get

Xy= C1 (23)



General Solution of Langrange's Equation

Solution of Problem 8 Continue...

Choosing (x +y), (x +y), z as multipliers, fraction equals
(x +y)dx + (x + y)dy + zdz

X2z + xyz — xyz — y?z + y?z — x°z
xdx + ydy + (ydy + xdy) + zdz = 0

Integrating we get,
2

SN
—+—4+xy+==c

2 T YTy T

X2+ y2+2xy +2° = o (24)

From equations (23) and (24), the required general solution is

O(xy 2 + y? + 2xy + 2%)

where ¢ is arbitary function.



General Solution of Langrange's Equation

Problem 9:

Find the general solution / complete integral of PDE

y> p—xy q=x(z—2y)

Given y? p— xy q = x(z — 2y)
It is of the foom P p+Q g=R
Langrange's Auxiliary Equation’s are

de_dy _de
P Q@ R
dx dy dz

- — = (25)



Solution of Problem 9 Continue...

Consider first two ratio of equation (25)

ax _ d

2 —xy
dx dy

y —X
.. xdx = -ydy Integrating we get,
2 %

= == —|— C].

2
2

aF y? = C
Taking antilog, we get

2
. X2
2

X2 +y2=q (26)



General Solution of Langrange's Equation

Solution of Problem 9 Continue...

Choosing 2x, z, y as multipliers, fraction equals
2xdx + zdy + ydz

B 2xy? — xyz + xyz — 2xy?
. 2xdx + zdy + ydz = 0 = 2xdx + d(yz) = 0
Integrating we get,
2

X
2— —
> + yz Co

X2 +2yz = ¢ (27)

From equations (26) and (27), the required general solution is

O(x®+y?, x>+ 2yz)

where ¢ is arbitary function.



General Solution of Langrange's Equation

Problem 10:

Solve the PDE of 52 + 52 = x +y + 2

Given p+g=x+y+z
It is of the foom P p+Q qg=R
Langrange's Auxiliary Equation’s are

o _dy dz
P Q@ R
dx dy dz

x_dy_ e (28)



General Solution of Langrange's Equation

Solution of Problem 10 Continue...

Consider first two ratio of equation (28)
dx dy

1 1
codx =dy

Integrating we get,
LX=Yy -+



General Solution of Langrange's Equation

Solution of Problem 10 Continue...

Choosing 1, 1, 1 as multipliers, fraction equals
dx  dx+dy+dz

1 24 x+y+z
Integrating we get, x =In(2+x+y+2z)+Inc

x=I[a+x+y+z)] =& =c+x+y+2)

eX
Q+x+y+2)

= O (30)

From equations (28) and (29), the required general solution is

e
o x -
(x y,(2+x+y+z))

where ¢ is arbitary function.



