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PDE: Unit | : Partial Differential Equations

® Parametrically Defined Curve in R?:
Parametrically Defined Curve in R? is the plane curve C given by a
function
f: D —R2 f(t) = (x(t),y(t)) where D C R.

Usually, we express this by simply saying that C is the
(parametrically defined) curve given by (x(t), y(t)).t € D. For
example, the rectangular hyperbola is the curve (£, 1), € R\ {0}.

® Parametrically Defined Curve in R?:
A parametrically defined curve C in R? is given by

(x(t),y(t), z(t)),t € D where D C R.

e Parametrically Defined Surface S in R? is given by a function
f:D—R3 flu,v) = (z(u, v), y(u,v), z(u, U)) where .y, z are
real valued functions on D, that is, z,y, z :— R.



PDE: Unit | : Chain Rules

We will need the following Chain Rules.
® If z=g(v) and v = f(x,y) and then z is a function of (x,y), and
0z dzdv and dz _dzOv
0z dvox dy  dvdy
e If 2= f(x,y) and x = x(t),y = y(t), then z is a function of ¢, and
dz _ 9dzdx  Ozdy
dt — Oz dt Oy dt

e If z = f(u,v) and if w=u(z,y), v =v(x,y), then z is a function of

(2,y), and

0: _0:0u_ 0:0v . 0:_dzdu  9:00
Oz~ Oudxr ' Ovox Ay~ Oudy  Ovdy



PDE: Unit | : Useful Notations

If z is a function of (x,y) then -

e If u=wu(x,y) and v = v(x,y) then

du  Ju
dx  Jy
= Jacobian matrix of © and v w.r.t. z and y.
ov ov
dr Jy
ou o
dr  Jy
® det = Jacobian of v and v w.r.t. = and y.
w0
dr  Jy
o ou
dr Oy
® Notation O(u, v) = det
Az.y) v v

833%



PDE: Unit | : Definition of PDE, Order

and Degree

An equation containing one or more partial derivatives of an
unknown function of two or more independent variables is known as
a partial differential equation.

e General format f(z,y,2,p,q) =0
® For example %-I—a—z =z+x
P dr ' Oy Y
That is,

ptg=ztuzy

® Order of a partial differential equation is defined as the order of the
highest order partial derivative occurring in the partial differential
equation.

® Degree of a partial differential equation is defined as the power of
the highest order partial derivative occurring in the partial
differential equation after the equation has been made free from
radicals and fractions so far as derivatives are concerned.



Unit | ; Classification of First Order PDE

A first order partial differential equation f(z,y,z,p,q) = 0 is known as

Linear eqn Semi-linear Quasi-linear
linear in p, q linear in p, q linear in p, q
and z

P(z,y)p+ Q(z,y)q | Plr,y)p+ Qx,y)q | Plz,y,2)p+ Qx,y,2)q

= R(z,y)z + S(z,y) = R(z,y,2) = R(z,y,2)
For example For example For example
yz? p+ay® q yr? p+ay® q yr?z p+xy’z q

=z +y+aiylz =+ y+ z?y?2? =z+y




Unit | : Obtaining a PDE

Theorem 0.1

TYPE 1 The elimination of arbitrary function ¢ from the equation
¢(u,v) = 0, where u and v are functions of z,y and z (z is assumed to
be a function of = and y), gives the partial differential equation

A(u,v) A(u,v) e A(u, v)
A(z, ) ANz,y)

Obtain a pde by eliminating the arbitrary function ¢ from
dlx+y+z22+y2—-22) =0
Let u(z,y,2) = o +y+z,v(x,y,2) =2 + 9% — 22

A(u,v) A(u,v) A(u,v)
9y, 2) 9(z, ) d(z,y)

det (zly —122) det (—lzz 2lx> det (2133 21y)
—2(y+2) 2(z+2) 20y —x)

The required pde is (y+2) p—(z+2) g=z—y



Theorem 0.2

7]
TYPE 2: Let v = v(z,y) and z = f(v) then (z,v) =0 is a first order
A(z,y)
pde for z. That is, the pde is P S )
By Y

Example: Eliminate arbitrary function f from z = f(x? — ¢?) and obtain
the corresponding pde.

Let v = 22 — y2. So v, =2z, v, = —2y.
The partial differential is given by 0(z,0) =
I(x.y)

Thatis, vy p—1v, ¢=0

Substituting we get, (—2y) p — (22) ¢ = 0. The p.d.e. is
yp+zq=0.



Unit | : Obtaining a PDE

Using theorem 0.2 we can prove following results.

Equation pde
z = f(z® —y?) yp+zp=0
z = f(a® +y?) yp—xq=0

I+np x+2p

lz +my+nz= f(z®+y2 + 22 =
Y f( y ) m—+ ng Y+ zq

z = e f(qx — by) bp+aq=2abz
_n (y) _
z=a"f (= rp+yq=nz

x




Unit | : Obtaining a PDE

TYPE 3: Obtain a pde by the elimination of arbitrary constants:

Consider the equation

F(ﬂﬁ,y,zﬂl,b) =0

where a and b denote arbitrary constats.

Case 1: No. of arbitrary constants < No. of independent variables
For example: z = ax +y. So, p = a,q = 1.

Substituting a = p in the equation, we get one pdez=2p+y .
Note that ¢ =1 is also a pde of z = ax + y.

Case 2: No. of arbitrary constants = No. of independent variables
then the elimination gives rise to a unique partial differential
equation of order one.

For example, az + b = oz +y.

—ap=da® and aq=1=a%px* g=a

The pde is p g =1. Note: pde is not a linear diff. eqn.

Case 3: No. of arbitrary constants > No. of independent variables
For example z = ax + by + cxy. The elimination of arbitrary
constants leads to a pde of order usually greater than one.



Unit | : Integral Surfaces

® Consider a first order partial differential equation in two unknowns z
and y given be

f(m,y,Z,PaQ)ZO (1)

The solution z = F(z,y;a,b) of (1) represents a surface in (x,y,2)
space.
This surface is called an integral surface of the partial differential
equation (1).

¢ A two parameter family of solutions z = F(z,y;a,b) of the equation

f(mvyvzvp7Q) = 0

is called a complete integral of the equation f(x,y,2,p,q) =0 if
the rank of the matrix

Fa an Fya -
M = (Fb £, Fyb) is two.




Unit | : Example on Complete Integral

Example 0.3

Consider f(z,y,2,p,q) =2 —px —qy—p* —¢> = 0.
Show that the two parameter family of z = F(x,y; a, b) given by
z = ax + by + o® + b? is a complete integral.

Solution:
z:aa:+by+a2+b2:>p:zm:a,q:zy:b.

LHS =z—pr—qy—p°—¢
:ax+by+a2+b2—am—by—a2—b2
=0

Hence z = az + by + a® + b? is a solution of z — pr — qy — p> —¢> = 0.



Unit | : Example on Complete Integral

To show that z = ax + by + a® + b2 is a complete integral of
z—pr—qy-p'—¢> =0
F(x,y;a,b) = ax + by + a® + b?
(Fa F.. Fya) B (m + 2a 1 0)
F, F.y Fy T \y+2b 0 1
Rank of the above matrix is 2.

Hence z = ax + by + a® + b? is a complete integral of
z-pr—qy—p*—q" =0



Unit | : Envelope of one parameter family

of surfaces

e Let S, be a family of one parameter surfaces z = F(z, y; a) where a
is the parameter. Consider the following system of equations.

7= F(z,y;a),
0= F,(z,y;a).

The envelope E of S,, if exists, is defined as the set of all
(z,y,2) € R? satisfying the above system of equations for some
value of the parameter a.

® For a fixed value of a, these two equations determine a curve C,,.
The envelope E of the family of surfaces S, is the union of all these
curves (.

® The envelope E of the family of surfaces S,, is obtained by
eliminating a between

z=F(z,y;a), (2)

0= Fa(z,y;a). (3)



Unit | : Classification of Integral Surfaces

Lemma 0.4

Consider the partial differential equation f(z,y,2,p,q) =0

Let S, be a one parameter family of solutions z = F'(x, y; a) where a is
the parameter of ().

Then the envelope of this family, if it exists, is also a solution of

fz,y,2,p,q) =0.




Unit | : Envelope of one parameter family

of surfaces

® Let S, be a family of surfaces of two parameters a and b given by
z = F(z,y;a,b)

Let ¢ : R — R be any function.

Let S, be the one-parameter family of surfaces given by
z = F(CE, '.97 lI, d)(a)) -

Consider the following system of equations.

z = F(mv y,a, ¢(a))7
0= Fa +Fb¢,(a)'

The envelope of S, 4, if exists, is defined as the set of all
(z,y, z) € R3 satisfying the above system of equations for some
value of the parameter a.



Unit | : General Integral Solution

® Let S, be a two parameter family z = F(z,y,a,b) of complete

solutions of f(x,y,p,q) = 0 where a, b are the parameters. Let
¢ : R — R be any function.

Let S,,4 be a family of the surfaces z = F(z, y;a, ¢(a)).
Then the envelope of S, 4 is also a solution of f(z,y,p,q) = 0.

This solution is called a General integral of f(z,y,z,p,q) =0.

® When a particular function ¢ is used, we obtain a
particular integral of the partial differential equation.

Different choices of ¢ may give different particular solutions of the
partial differential equation.



Unit | : Example on Particular Integral

Example 0.5

Consider f(z,y,2,p,q) =2 —px —qy—p> —q°> = 0.
Given that z = F(x,y;a,b) = ax + by + a® + b? is a complete integral.
If b= v/1 — a2 then find the particular integral.

The envelope E of the family z = F(z,y,a, ¢(a)) is obtained by
eliminating a between z = F(z,y, a, ¢(a)) and

Fa(w7y7a7 b) +Fb<x7y7a7b>¢,(a) =0
b=+V1-0a> = ¢(a) =V1—-a’ So ¢'(a) = _°

1— a2

z = F(x,y;a,b) = az + by + a® + b*
a

Fo4+ Fyxd'(a) =0 = (z + 2a) + (y+ 2b) * —— =0
Hence a = L. Putting this in z = ax + by + a® + b%, we get,



Unit | : Example on Particular Integral

VA *y+1

\/W +y

\/ﬂ?2+y \/:r:2+y
= Vet

Hence the envelope is given by z = \/z2 + y2 + 1.
The particular integral is 2 = /22 + y% + 1.




Unit | : Envelope of two parameters family

of surfaces and Singular Integral

® Let S, p be a family of two parameter surfaces z = f(x,y;a,b)
where a, b are the parameters. Consider the following system of
equations.

z = F(z,y;a,b),
0= Fa(xv y.a, b)7
0= Fy(x,y;a,b).
The envelope E of S, if exists, is defined as the set of all

(2,9, 2) € R3 satisfying the above system of equations for some
values of the parameters a and b.



Unit | : Singular Integral

Lemma 0.6

Let S, be a two parameter family of complete integrals z = F(z,y; a, b)
of f(x,y,2,p,q) =0 where a,b are the parameters. Then the envelope

of S, is also a solution of f(z,y,p,q) =0.

(This is Lemma no. 1.3.2 in our syllabus)
® This solution is called a singular integral of f(x,y,2,p,q) = 0.

Example 0.7

Consider f(z,y,2,p,q) =2z —pr —qy—p* —q¢> = 0.
Given that z = F(.’B,y;(]qb) — am+by S (12 + b2 isa complete integral.

Find the singular integral.




Unit | : Example: Finding Singular Integral

® For singular integral, we take 2 = F(x,y;a,b) and the we eliminate

a and b using the equations F,(x,y;a,b) =0 and Fy(z,y;a,b) = 0.

Here,
z=F(x,y;a,b) =ax+by+a®+b2
F, =x+42a
F, =y+2b
Fo=0F=0= a=-2 b=-Y
a— Yy LI'p — - 27 - 2
Substituting these values in z = F(z,y;a,b) = ax + by + a? + b2,
we get
2,2
s= T Y

That is, 42 = —(2® +9?)



Unit | : Another method to Find Singular
Integral

Lemma 0.8

Let z = F(z,y;a,b) be a complete integral of f(z,y, z,p,q) =0 and
z = F(z,y,a(z,y),b(z,y)) be the singular integral of f(z,y,z,p,q) = 0.

Then the singular integral satisfies the equations

f(zvyazap7Q) =0,
fp(mvyazvpvq) :07

fa(z,y,2,p,q) =0.




Unit | : Another method to Find Singular
Integral

Example 0.9

Consider f(x,y,2,p,q) =2 —pr —qy — p> —q*> = 0.
Given that z = F(z,y;a,b) = ax + by + a® + b* is a complete integral.

Find the singular integral using the above lemma.

We know that singular integral satisfies:

fley,zp)=0 —z—pr—qy—p*—¢*=0,
fo(z,y,2,p,) =0 = a—-2p=0,
fq(m,y,z,p,q):(lm :>—yy—2q=0A

Th|5|mpI|esp:—§,q:—§.

m2_|_y2
4

Hence the singular solution is 2 = —



Unit | : Cauchy Problem

The Cauchy Problem

® Given a first order partial differential equation and a curve in space,
the Cauchy problem is to find an integral surface (i.e. a solution) of
the given partial differential equation which contains the given curve.
In other words, given a partial differential equation (not necessarily

non-linear)

f@y,2,p,9) =0
and a curve z = z(s),y = y(s),z = z(s), s € [a,]],
the Cauchy problem is to find a solution z = z(z, y) of the pde

such that z(s) = z(z(s), y(s)) for all s € [a,b].
(Note: We will be studying this in unit Il in detail.)



Unit | : General Solutions of Quazi linear

equations or Lagrange's equation

Theorem 0.10

The general solution of the Lagrange equation

P(z,y,2)p+ Q(z,y,2)q = R(z,y,2), (%)

where P, @Q and R are continuously differentiable functions on the domain
D C R? is ¢(u,v) = 0 where ¢ is an arbitrary function and
w(z,y,z)=c; and v(z,y,2) =
. ; de dy dz
t d dent solut f=====.
are two independent solutions of — 0 R

(Lagrange's auxiliary equations of (x))

The general solution (or integral) of (1) is written in one of the following
three equivalent forms:

o(u,v) =0, u=G(v) or v= H(u)



Unit | :General Solution of Lagrange's

Equation (more no. of ind. variables)

Theorem 0.11

A general solution of the quasi-linear partial differential equation

0z 0z 0z

P—+P—+---+FP,—=R.

ox Oxs " Oz,
where Py, P, ..., P,, R are continuously differentiable functions of
T1,T9,...,T, and z, not simultaneously zero,
is the relation ¢(u1,u2,...,uUn) =0 where ¢ is an arbitrary differentiable
function and wuq (21,22, ..., Tpn, 2) = C1, U2 (21, T2y . . ., Ty 2) =
CoyeevyUn(T1, T2, ..., Ty, 2) = ¢, are independent solutions of the
equations

dr; dry dr, dz

P P P R’ |




Unit | :Type 1: Solving Lagarange’s

Equation

2z
Solve the pde of L ptazqg=1>

Lagrange's au><|||ary eqgns are

de dy dz
P Q R’
de _dy d

).

y2z Tz y2

Taking the first two fractions, from  Taking the first and the last from

(1) (1).

dx dy dz dz

PEa vy

o de = y? dy o do =z dz.
B=Prea (2 22 =24 (3).

From (2) and (3), the required general solution is
o(z® — 3, 2% — 2%) =0.
Another form of the general integral is G(z% — y3) = 2% — 2%



Unit | :Type 2: Solving Lagarange’s

Equation

Solve the pde p + 3 ¢ = 5z + tan(y — 3x)
Lagrange's auxiliary eqns are

de _dy dz

P Q R

dr dy dz

—="=———(1).

1 3 tan(y —3z)

Taking the first two fractions, from  Taking the first and the last from
(1) 1).

do _dy do__ ds

1 3 1 5z+tane |
y—3r=c (2). _1 -
¢ denotes a constant. 7= cIn(5z + tane) = ¢

5z —In(5z+tanci) = ¢z (3).

(c2 denotes a constant)

From (2) and (3), the required general solution is
o (y — 3z,5z — In(5z + taney)) =0
where ¢ is an arbitrary function.



Unit | :Type 3: Solving Lagarange’s

Equation

Let P, and R; be functions of =,y and z.

Then each fraction in Lagrange's auxiliary eqns

dr dy dz
?=6=§ is equal to
P1 diL"l'Ql dy+R1 dz (*)
PP+ @Q1Q+ R1R
If P+ Q1Q+ R1R =0, then the numerator of (x) is also 0. This
gives
Pl dﬂ:-l—Ql dy+R1 dz=0 (**)

This can be integrated to get uj(x,y, z) = ¢;. This method may be
repeated to get another integral us(,y,2) = ¢o. P1, @1, Ry are called

multiplayers.
b—c c—a a—2b
p+zx

Solve the pde  y=z
a
Lagrange's auxiliary eqns are

a dx b dy cdz
— = (1),

yz(b—¢c) zx(c—a) wyla—0>)




Unit | :Type 3: Solving Lagarange’s

Equation

Choosing x,y, z as multipliers,

each fraction equals
_azdr+bydy+czdz

0 .
= ax de +by dy +cz dz = 0.
Integrating
2

x Yy z

T4 pl 4t =
ag b tes =a
= az? +by?tcel=¢ - (2)
(c1 being arbitrary constant).

Now, choosing ax,by and cz as
multipliers for eqn (1), we get

a’x dx + b2y dy + 2z dz
TYZ (a(b —c¢)+blc—a)+cla— b))
a’x dr + bzy dy + 2z dz

0
= a’r dov + by dy+ 2z dz=0
Integrating,
a2a? 022+ 2t =c -+ (3)

From (2) and (3), the required general

solution is

0] (am2 +by? + c2?, a’a? +b%y2 + 0222) =0.

where ¢ is an arbitrary function.



Unit | :Type 4: Solving Lagarange's
Equation

Let P, and R; be functions of z,y and z.
d d
Then all fractions in ?33 = ay = Ez are equal to
Pld[l? + Qldy + Rle (**)
PP+ @Qi1Q+ RiR ‘

Suppose the numerator is the exact differential of the denominator of
Then () can be combined with a suitable fraction in () to give an
integral.



Unit | :Type 4: Solving Lagarange's

Equation

(y+2)p+(z+a)g=2+y
Lagrange's auxiliary eqns are
dx dy dz

Gt Gro sty W

Choosing 1,—1,0 as multipliers, Choosing 1,1,1 as multipliers, each
each fraction equals fraction equals

_dz—dy  dz—y) @), = dr +dy +dz B

T oy—xz T —y T ytzdztrtrty
Choosing 0,1, —1 as multipliers, dx +dz ()

each fraction equals 2z +y+ 2) ’

_dy—dz _ dy—=z) (3) From (2), (3) and (4), we have,

T oz—y y—2z '

_dx-y) :_d(y—z) _de+dy+dz - (5).
-y y—z 2z +y+2)

Taking the first two fractions of (5)
dlz—y) _dly—=2)

T —y Y-z




Unit | :Type 4: Solving Lagarange's

Equation

€T —

Y—e - (0).

-z
Taking the first and third fractions of (5)
dxr —y) dr+dy+dz
r—y  2r+y+2)
Integrating, —2In(z —y) =In(z +y +2) + InCs
In(z+y+2z)+2In(z —y)=—InCy

In(z+y+2)(x —y)? =Incy

Integrating, —

(z+y+2)(z—y)?=c (7)-
From (6) and (7), the required general
solution is

6 (2L tu+a)a—0?) =0,

where ¢ is an arbitrary function.



Unit | : Pfaffian Differential Equation

® By a Pfaffian differential equation, we mean a differential
equation of the form

Fl(xl7m2’~--:m‘n)dxl + "'+Fn(mlax27-~~,xn)dmn =0 (*)

where Fi’s, 1 <4 < n are continuous functions.
The expression on the LHS is called a Pfaffian differential form.
e A Pfaffian differential form
Fi(z1, 22, ..., zp)dey + - + Fp(z1, T2, .. ., 20)dTy

is said to be exact if we can find a continuously differentiable
function u(z1,x2,...,Z,) such that

du = Fi(21,%2,...,T5)dx1 + - - + Fu(z1,22,...,%,)dT,.



Unit | : Pfaffian Differential Equation

A Pfaffian differential equation
Fl(mlaz2a o 1mn)dml + Fn($1,$2, .. ,zn)d:z:n =0 (**)
is said to be exact if the Pfaffian differential form on the LHS of the
equation is exact.
® That is, the Pfaffian differential equation (%) is said to be exact if
we can find a continuously differentiable function
u(z1, 2, .. .,2Ty) such that

du = Fi(z1,22,...,Ty)dx1 + -+ - + Fo(z1, T2, - . ., Tp)dzp.

® The function u(z1,x2,...,Tn) =c, is called the integral of the
corresponding Pfaffian differential equation.

e The Pfaffian differential equation (xx) is said to be integrable if
there exists a non-zero differentiable function p(z1,z2,...,%,)
such that the Pfaffian differential form

w(Fri(z1, @, ..y xp)dey + -+ Fp(xy, @a, ..o, x,)dxy,)
is exact.
e The function p(z1,2,...,T,) is called an integrating factor of



Unit | : Pfaffian Differential Equation

Theorem 0.12

Subject Teacher There always exists an integrating factor for a Pfaffian differential

equation in two variables (P(z,y) dz + Q(z,y) dy = 0).

Let u(z,y) = ¢1 and v(z,y) = 2 be two functions of = and y such that
i)
— #0.
Oy
If, further 3(u,v) =0,
9(z,y)
then there exists a relation F(u,v)=0
between u and v not involving x and y explicitly.
v




Unit | : Pfaffian Differential Equation

Recall: If X = (P, Q, R) then the curl of X is defined by

curl X = (R, — Qz);Jr (P, — Rz;)j +(Qy — Py)f‘

® The definition of curl can be difficult to remember. To help with
remembering, we use the following determinant formula.

i j ok

- 8 9 0

[ X =det | — — —
cur ¢ oxr Oy 0z
Q R



Unit | : Pfaffian Differential Equation

Lemma 0.14

If X = (P(a:, v, 2), Qx, y,z),R(m,y,z)) and p is an arbitrary nonzero
differentiable function of z,y and z then

Subject Teacher

X curl X =0 ifandonlyif pxX- curl (,ui) =0

Theorem 0.15

A necessary and sufficient condition that the Pfaffian differential
equation

X .dr = P(z,y,2)dz 4+ Q(z,y, z)dy + R(z,y,2)dz =0 (4)

to be integrable is that X curl X =0




Unit | : Condition for Pfaffian Differential
Equation to be exact

Remark 0.16

Necessary and sufficient condition for the Pfaffian differential equation
X - dr = P(z,y,2)dx + Q(x,y,2)dy + R(x,y, z)dz = 0 to be exact is

cul X =0

Thatis, Ry —Q.=0,P, — R;,Q, — P, =0




Unit | : Example 1 of Pfaffian differential
Equation

Example 0.17

Show that the following Pfaffian differential equation is exact and find its
integral. y do + o dy + 2z dz = 0.

Here P=y,Q =x, R = 2z.

i ]k
- o o 0
[ X=det | — — —|=
cur et | o T (0,0,0)
y r 2z

Clearly, y dz + 2 dy + 22 dz = d(zy + 22)
So, d(wy + 2%) = 0. This implies d(zy + 2%) = c.
Hence the integral is u(z,y,2) = zy + 22 = c.



Unit | : Example 2 of Pfaffian differential
Equation

Example 0.18

Find the integral of yz dx + 2xz dy — 3zy dz =0

Here P = yz,Q = 2z2, R =

—A?m:y.
i j k
curl X = det 9 90 9| i(—3z—2z)—j(—3y—y)+k(2z—2).
Oxr 0Oy 0z
yz 2xz —3zy

curIX:—Szi+4yj+zlE
X curl X = —5ayz +8ryz —3ayz =10

Hence given equation is integrable.



Unit | : Example 2 of Pfaffian differential
Equation

Keep z as a constant and write the differential equation as follows:
yz dx+2xz dy =0

We find the solution of the above equation.

de _ ,dy

x Y

x*y? = c; whee ¢; is a constant and it may contain z.
So, U(x,y,2) = zy® = c1.

Now we find Integrating factor

Consider equation — =pux*P OR — =puxQ

HereyZ:p*yzﬁﬂ:%.



Unit | : Example 2 of Pfaffian differential

Equation

Now we find K = ( *R— —)
3my

K: * (—3zy) — 0=

z
Substitute in the equation % +K=0
d
This implies —U — g =0
z z

We solve this equation.
Solution is U = ¢2°.
This means zy? = ¢z3.
Therefore the integral of the given Pfaffian equation is
2
ry
u(z,y,2) = -3 ¢



