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Step-by-Step Solution Using Chakravala

Method

Find integer solutions to x213y 2 = 1:

i.e., solve: x2 = 13y 2 + 1:

Step 1: Choose initial triple (a, b, k)

We look for small integers a, b such that
a213b2 = k
Try:
Let a = 7, b = 2
7213× 22 = 4952 = 3
=⇒ (a, b, k) = (7, 2, 3)
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Step-by-Step Solution Using Chakravala

Method

Step 2: Find integer m such that

(a + bm) divisible by k , and

m2 ≡ 13 (mod k)

Minimize |m2 − 13|
Here k = −3, so:
Try m = 1;
7 + 21 = 9, 9(3) = 3 =⇒ divisible
so, take m=1
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Step-by-Step Solution Using Chakravala

Method

Step 3: Compute next values

Use formulas:

a′ =
am + 13b

|k |
, b′ =

a + bm

|k |
, k ′ =

m2 − 13

k

Now plug in: a = 7,b = 2, k = 3, m = 1

a′ =
71 + 132

| − 3|
=

7 + 26

3
=

33

3
= 11

b′ =
7 + 21

| − 3|
=

7 + 2

3
=

9

3
= 3

k ′ =
12 − 13

−3
=

1− 13

−3
=

−12

−3
= 4

New triple: (a, b, k)=(11, 3, 4)
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New triple: (a, b, k)=(11, 3, 4)

Step 4: Repeat with new triple

Now: (a = 11, b = 3, k = 4)
Find m such that:
11 + 3m ≡ 0 mod 4 → 3m ≡ −11 ≡ 1 mod 4
so 3m ≡ 1 mod 4 =⇒ m ≡ 3 mod 4
Try m = 3:
Check |m2 − 13| = |9− 13| = 4
Okay, take m = 3
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New triple: (a, b, k)=(11, 3, 4)

Step 4: Repeat with new triple

Now: (a = 11, b = 3, k = 4)
Find m such that:
11 + 3m ≡ 0 mod 4 → 3m ≡ −11 ≡ 1 mod 4
so 3m ≡ 1 mod 4 =⇒ m ≡ 3 mod 4
Try m = 3:
Check |m2 − 13| = |9− 13| = 4
Okay, take m = 3
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Step 5: Compute new triple

a′ =
11.3 + 133

4
=

33 + 39

4
=

72

4
= 18

b′ =
11 + 33

4
=

11 + 9

4
=

20

4
= 5

k ′ =
32 − 13

4
=

9− 13

4
=

−4

4
= −1

New triple: (a, b, k)=(18, 5,−1)
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Step-by-Step Solution Using Chakravala

Method

Final Step: We now have

a2 − 13b2 = −1 =⇒ 182 − 13× 52 = 324− 325 = −1
To get a solution for: x2 − 13y 2 = 1
Multiply the current solution with itself (composition of
solutions):

x = 182 + 13× 52 = 324 + 325 = 649

y = 2× 18× 5

So the final solution is:

x = 649, y = 180
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So the final solution is:

x = 649, y = 180

Verification:

x2 − 13y 2 = 6492 − 13× 1802 = 421201− 421200 = 1
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